We present a purely group-theoretical derivation of the continuous wavelet transform (CWT) on the (n ? 1)-sphere S n?1 , based on the construction of general coherent states associated to square integrable group representations. The parameter space of the CWT, Y SO(n) R + , is embedded into the generalized Lorentz group SO o (n; 1) via the Iwasawa decomposition, so that X ' SO o (n; 1)=N, where N ' R n?1 . Then the CWT on S n?1 is derived from a suitable unitary representation of SO o (n; 1) acting in the space L 2 (S n?1 ; d ) of nite energy signals on S n?1 , which turns out to be square integrable over X. We nd a necessary condition for the admissibility of a wavelet, in the form of a zero mean condition, which entails all the usual ltering properties of the CWT. Next the Euclidean limit of this CWT on S n?1 is obtained by redoing the construction on a sphere of radius R and performing a group contraction for R ! 1, from which one recovers the usual CWT on at Euclidean space. Finally, we discuss the extension of this construction to the two-sheeted hyperboloid H n?1 SO o (n ? 1; 1)=SO(n ? 1) and some other Riemannian symmetric spaces.
I. INTRODUCTION
In most cases of physical interest, experimental data are given on the line (signal processing), on the plane (image analysis), or occasionally in R 3 (e.g. in uid dynamics). However, there are instances where data are given on a sphere. Of course, geophysical data is the prime example (e.g. weather prediction or global circulation models), but others appear, for instance, in statistical problems, computer vision or medical imaging (see Ref. 1 for a list and precise references). In such cases, not only S 2 , but also higher dimensional spheres or other manifolds may occur. The standard methods are based on Fourier analysis, but analyzing data with the continuous wavelet transform (CWT) is by now a well-established procedure (see Ref. 2 for a survey of applications in physics). So the question arises, how does one extend the CWT to the sphere or another manifold?
Let us rst make that statement precise. We may speak of a genuine spherical CWT if (i) the signals and the wavelets live on the sphere; (ii) the transform involves (local) dilations of some kind; and (iii) for small scales, the spherical CWT reduces to the usual CWT on the (tangent) plane (Euclidean limit). The same criteria apply to other manifolds.
The problem has attracted a lot of interest in the last couple of years and many proposals have been made, but, in our opinion, none of them is fully satisfactory according to this criteria. In particular, local dilations are in general missing. For instance:
A number of works extend to S 2 the discrete wavelet scheme based on a multiresolution analysis, using adapted interpolation methods and spline functions. 3, 4, 5 This approachis in general motivated by numerical purposes, but leads often to di culties around the poles. A di erent technique is to use second generation wavelets. 6, 7 Others exploit the geometry of the sphere, as encoded in the system of spherical harmonics 8, 9, 10 , but as a result, their analyzing functions are poorly localized, in fact they do not really resemble wavelets.
One de nes a WT on the tangent bundle of the sphere 11 or instead a Gabor transform on the sphere itself 12 (since no dilation is then involved).
The most satisfactory approach is that of Holschneider 13 , who produces a CWT on S 2 that satis es the three criteria above. However the role of dilation is played by an abstract parameter that satis es a number of ad hoc assumptions. The correct Euclidean limit is obtained, but it is essentially put by hand.
As can be seen from this brief description, none of the proposed solutions fully quali es for a genuine CWT on S 2 . In a previous paper, 14 we have presented a new approach to the CWT on the 2-sphere, entirely derived from group theory, following the formalism of general coherent states developed in Ref. 15 . In particular, the Euclidean limit has also a precise group-theoretical formulation, in terms of group contraction. 16, 17 In the present paper, we shall extend our construction to spheres in higher dimensions (S n?1 ) and discuss the application to other manifolds, for instance, a two-sheeted hyperboloid or similar Riemannian symmetric spaces. The paper is organized as follows. In Section II, we present a rapid survey of the coherent state construction based on square integrable group representations. 15 In Section III we describe the a ne transformations of S n?1 , that is, motions and local dilations, and show that they belong to the conformal group of S n?1 , namely the Lorentz group SO o (n; 1). Then the parameter space of the CWT may be identi ed as X SO(n) R + SO o (n; 1)=R n , using the Iwasawa decomposition of SO o (n; 1). Then, in Section IV, we select a suitable unitary representation of SO o (n; 1), acting in the space L 2 (S n?1 ; d ) of nite energy signals on S n?1 , and show that it is square integrable over X. From there, we derive the CWT on S n?1 . Section V is devoted to the Euclidean limit, using the theory of contraction of group representations (the main de nitions for the latter are collected in the Appendix). Finally, in Section VI, we discuss the extension of the construction to other manifolds, for instance the two-sheeted hyperboloid H n?1 SO o (n ? 1; 1)=SO(n ? 1) and some Riemannian symmetric spaces.
As will be seen, the present results are rather similar to those obtained previously in the case of the 2-sphere. 14 As a byproduct, we also obtain a CWT on the circle, for n = 2. The latter is quite di erent from that of Holschneider, 18 which is largely based on a periodization procedure applied to wavelets on the interval.
II. GENERAL SET-UP: THE CWT ON A MANIFOLD
We begin by a brief sketch of the method of construction of coherent states (CS) associated to a group representation. Further details may be found, for instance, in the review paper, Ref. Quite often, however, the representation U is not square integrable in the strict sense just described (it would be a discrete series representation, and many groups have no discrete series { a case in point are the Lorentz groups SO o (n; 1)). However, it may become square integrable when restricted to a homogeneous space X = G=H, for some closed subgroup H. By (we assume that is a G-invariant measure on X; again this is not a restriction). Then CS indexed by X may be de ned as (x) = U( (x)) ; x 2 X:
The condition (2.3) may also be rewritten as 0 < Z X d (x) jh (x) j ij 2 = h jA i < 1; 8 2 H; (2.5) where A is a positive, bounded, invertible operator. 15 If the operator A ?1 is also bounded, the family S = f (x) ; x 2 Xg is called a frame, and a tight frame if A = I, for some > 0.
This terminology is familiar in the discrete case, for instance, in wavelet or Gabor analysis. 19, 20 From now on, we shall normalize the admissible vector by c X ( ; ) = 1, and we shall assume that it generates a frame S (otherwise domain problems arise).
Under these assumptions, the CS de ned in (2.4) have the following properties:
(1) The set S is total in H : (S ) ? = f0g: (2) In more familiar terms, property (1) means that the CS family S yields a new representation of the system under consideration, unitary equivalent to the original one. By property (2), the Hilbert space of this CS representation is a space of (usually nice) functions. Finally, property (4) means that the vector = W ?1 may be expanded in terms of (reconstructed from) CS (x) , in the same sense as an expansion in terms of (possibly generalized) eigenvectors of some selfadjoint operator, exactly as for Fourier series or integrals, or, for that matter, wavelet expansions. Notice that part of this construction is standard in noncommutative harmonic analysis, where the CS map (2.6) is sometimes called the Poisson transform. 21 A particular case of this construction is that considered, independently, by Gilmore, 22 is independent of the choice of the section , and the frame is automatically tight, with A = I.
Let us conclude by giving some familiar examples of this construction.
(1) The`ax + b' group acting on R yields the usual 1-D continuous wavelets.
(2) The Weyl-Heisenberg group, also acting on R, gives the Windowed Fourier Transform, or Gabor transform. Here all vectors are admissible.
(3) The similitude group of R n , consisting of translations b 2 R n , rotations R 2 SO(n) and dilations a > 0, yields the n-dimensional wavelets. For an axisymmetric wavelet , the isotropy group H is SO(n ? 1) and so X = R n R + S n?1 R 2n , and we are in the 26, 27 Note that in each case, the group acts transitively on the basis manifold, R or R 2 . The same scheme applies to the CWT on a general manifold, subject to the transitive action of some group of transformations that contains dilations.
Let us apply this method to the sphere S n?1 and consider the space of nite energy signals H = L 2 (S n?1 ; d ), where d (!) is the usual (rotation invariant) measure on S n?1 . The rst step for constructing a CWT on S n?1 is to identify the appropriate a ne transformations.
For that purpose, we note rst the isomorphism S n?1 ' SO(n)=SO(n ? 1) , from which we deduce immediately that SO(n) acts transitively on S n?1 ; these are the so-called motions or displacements on the sphere. Correspondingly, the left quasi-regular representation (4.1), acting in H = L 2 (S n?1 ; d ), is easily computed using the matrix realization of SO(n) in R n . It decomposes into the direct sum of all UIR of SO(n), and this is simply the Fourier series on S n?1 (see Section IV).
In order to obtain dilations, and also for generalization to other manifolds, let us recall some well-known geometrical facts 28, 29 . Let M be an n dimensional (pseudo-) Riemannian manifold with metric g . A motion is a transformation z = z ? x 1 ::: x n , that leaves the metric invariant in the sense that g 0 @z @x g @z @x = g :
For the cases M = R n ; S n and R n (p;q) (the pseudo-Euclidean space with metric (p; q)) the motion groups are, respectively, the Euclidean group E(n) = R n o SO(n), the linear orthogonal group O(n + 1) and the pseudo-orthogonal group O(p; q) (note that, in the last two cases, re ections are irrelevant for our purposes).
The map fx g 7 ! fz g is a conformal transformation if the transformed metric is locally proportional to the initial one:
In 
In order to compute the action of SO o (n; 1) on S n?1 , we use the Iwasawa decomposition, 28, 30 which gives the unique factorization SO o (n; 1) = K A N; (3.3) where . K SO(n) is the maximal compact subgroup, corresponding to rotations in the subspace (x 1 ; x 2 ; : : : ; x n );
. A SO o (1; 1) R + R is the one-dimensional subgroup of Lorentz boosts along the x n -axis;
. N R n?1 is (n ? 1)-dimensional and abelian, and corresponds under stereographic projection to translations in the tangent hyperplane at the North Pole.
In the natural (n + 1) (n + 1) matrix representation, an element of A is given as Thus every g 2 SO o (n; 1) can be written uniquely as g = a n( ); 2 SO(n); a 2 A; n 2 N. Let that SO o (n; 1) acts transitively on S n?1 . We have identi ed above K = SO(n) with motions on S n?1 and A with dilations, which constitute our basic operations. Thus the parameter space of our theory is the homogeneous space X SO o (n; 1)=N ' SO(n) A. where m( ) 2 SO(n ? 1); f 1 : : : n?1 g are the Euler angles on S n?1 and u( j ) is a rotation in the 2-plane x j ; x j+1 (this expression is unique except when j is equal to 0 or , 3 6 j 6 n).
For completeness, we write the integration formula on SO o (n; 1) :
where d n ( ) is the invariant measure on SO(n). In other words, our parameter space X = SO o (n; 1)=N ' SO(n) A admits the SO o (n; 1)-invariant measure d (x) = d n ( ) e (n?1)t dt = d n ( ) da a n (a = e ?t ; t 2 R):
We are now in a position to compute the action of SO o (n; 1) on S n?1 , using the Iwasawa decomposition of the latter. Indeed, for g o 2 SO o (n; 1), we get in this way g o g = go a go n go :
This induces a homeomorphism on the quotient, indeed the map 7 ! go does not depend on , but rather on its equivalence class in K=M ' S n?1 . It is enough to show this for elements g o g o (a) 2 A, since we are interested only in K A and the action of K is trivial. Let us express 2 SO(n) by its Euler decomposition (3. Indeed an explicit calculation shows that the action of a pure dilation on S n?1 is given by ! = f j g 7 ! ! a = f( j ) a g, where ( j ) a = j ; j = 1; : : : ; n ? 2 tan ( n?1 ) a 2 = a tan n?1 2 :
Thus the transformation corresponding to a pure dilation is exactly the usual Euclidean dilation lifted on S n?1 by inverse stereographic projection.
IV. THE CONTINUOUS WAVELET TRANSFORM ON S n?1
A. Principal series representations of the Lorentz group SO o (n; 1)
We have seen that the parameter space of the CWT on S n?1 is X SO o (n; 1)=N ' SO(n) A.
According to our program, as outlined in Section II, the construction of spherical wavelets, that is, a ne coherent states on S n?1 , proceeds in two steps. and (n ? 3) factors (sin j ) n?j C p j q j (cos j ), for j = 3; : : : ; n ? 1, where C p q is a Gegenbauer polynomial. In these notations, the expansion of an arbitrary function of L 2 (S n?1 ; d ) in this hyperspherical basis is just Fourier analysis on S n?1 :
where b f(l; M) = hY M l jfi denotes the Fourier coe cient of f.
We will also make use of the following addition theorem :
where D l MM 0 are Wigner D-functions. In order to incorporate dilations into this scheme, we have to lift U qr from SO(n) to SO o (n; 1). However the measure d is not dilation invariant, so that a Radon-Nikodym derivative or cocycle (g; !) will necessarily creep in, through the relation
The function (g; !) must satisfy the cocycle equation In the following, we will always set s = n?1 2 and write simply U U n?1 2 . As already mentioned, we are only interested in the action of dilations and motions. We thus restrict ourselves to the corresponding homogeneous space X ' SO(n) A SO o (n; 1)=N using a suitable section : X ! SO o (n; 1) in the principal bre bundle de ned by the Iwasawa decomposition. Thus we will concentrate on the reduced expression
We write points of the space X as pairs x ( ; a), with B. Lorentz coherent states as wavelets on the sphere S n?1
We are now ready to build a system of coherent states for the Lorentz group, indexed by points of the homogeneous space X = SO o (n; 1)=N. Since N is not the isotropy subgroup of a particular vector in the representation Hilbert space, the resulting coherent states are not of the Gilmore-Perelomov type. 23 Following the general approach outlined in Section II, the coherent states associated to the representation U are de ned, as in (2.4), by the elements of the orbit of under SO o (n; 1): The result is given by the following theorem. Expanding both terms in the scalar product in a Fourier series on the sphere and using orthogonality relations for hyperspherical harmonics, we get hU qr ( ) a j i = 14 that the family indeed is a frame. The proof presumably extends to higher dimensions, but this remains to be seen. The next step is whether that frame is tight. For this, we would need an equality in (4.15), with c = c( ) the analogue of the admissibility constant of the vector . Equivalently, we would need G l = G( ), independently of l, but we have been unable to prove it, even for n = 3.
In fact, we conjecture this is not true, but becomes so only in the Euclidean limit. In that limit indeed, the family f I (x) ; x 2 Xg converges to the usual tight frame of the at 2-D CWT, as shown in Section V below. Now the condition (4.12) is necessary and su cient for the admissibility of , but it is somewhat complicated to use in practice, since it requires the evaluation of nontrivial Fourier coe cients. Instead, we have derived in our previous paper a simpler, although only necessary, condition. 14 The same condition is valid in the general case. 2 , which exactly compensates the asymptotic behavior d l l n?2 for l 1 in (4.12), so that the only divergence can possibly come from the integral over a. But, counting the powers of a from (4.13), we see that a logarithmic divergence remains in the integral over small scales (a ! 0), unless we impose the condition (4.17) (of course, the result must be independent of the support of , so that we have to integrate over the full sphere S n?1 ).
The second term poses no problem, since the integrand is bounded and continuous on
; 1= ]. Finally the last term also converges, since the only large scale divergence will never be reached because of the support property of . Now, if we drop the restriction on the support of , the condition (4.17) is a fortiori necessary, which proves the statement. This necessary condition is the exact equivalent of the usual necessary condition for Euclidean wavelets, R d n?1 x (x) = 0. Furthermore, it reduces to the latter in the Euclidean limit, as we shall see in Section V. The interesting point is that (4.17) is a zero mean condition, as in the at case. As such it will play the same rôle, namely it ensures that the CWT on S n?1 given in (4.16) acts as a local lter, a property crucial for applications. Thus our spherical CWT will have a comparable behavior. One should notice also that the poles do not play any particular rôle in this CWT, since the sphere S n?1 is a homogeneous space under SO(n): all the points of S n?1 are really equivalent, despite the appearance to the contrary given by (4.17) . Practical examples given in Ref.14 illustrate this statement.
One may also wonder what should be added to condition (4.17) to make it also su cient. By analogy with the limiting at case, 20 we expect that a slightly faster vanishing at the South Pole will do, but this remains to be proven.
A nice outcome of Proposition 4.3 is that it yields an easy way of building spherical wavelets.
Indeed, given a smooth function 2 L 2 (S n?1 ; d ), we de ne
Then it is easily checked that satis es the admissibility condition (4.17) , that is, it is a spherical wavelet, similar to the`Di erence wavelets' commonly used in vision in the case n = 3
(the DOG wavelet, for instance). 34 We have shown in Ref.14 a Gaussian spherical wavelet of that kind, which is the inverse stereographic projection of an ordinary Gaussian in the tangent plane.
V. THE EUCLIDEAN LIMIT
According to Holschneider 13 , a good wavelet transform on the sphere should satisfy a geometrical constraint expressing its asymptotic Euclidean behaviour. This means that, the sphere being locally at, the associated wavelet transform should match the usual CWT in the plane at small scales or, what amounts to the same, for large values of the radius of curvature. In this section, we will give a precise mathematical meaning to this statement using the technique of group contractions. The main de nitions concerning the latter are collected in the Appendix.
A. Contracting the Lorentz group and its homogeneous spaces
In the rst step, we reformulate the theory described so far on a sphere of radius R and let R ! 1. In this limit, the Lorentz group SO o (n; 1) is contracted along its minimal parabolic subgroup P = SO(n) R + N into a semidirect product:
where SIM(n ? 1) = R n?1 o (R + SO(n ? 1)) is the similitude group of R n?1 , that is, the invariance group of the Euclidean CWT. The detailed calculation runs as follows.
(1) At the level of Lie algebras
We start with the Lorentz Lie algebra g = so(n; 1) and write its generators as X ij ; 0 6 i < j 6 n, with commutation relations X ij ; X mn ] = g im X jn ? g jm X in ? g in X jm + g jn X im ; (5.1) where g ij is the metric tensor diag(1; ?1; : : : ; ?1). We also write X i = X 0i ?X in ; i = 1; : : : ; n?1.
For this Lie algebra, the Cartan and the Iwasawa decomposition read, respectively (vector space direct sums):
2) = k a n; (5.3) where k = so(n) is the maximal compact subalgebra. Let p be the minimal parabolic subalgebra, with the decomposition p = m a n;
where m = so(n ? 1). In terms of the generators X ij of so(n; 1), we have the following identications: k = span fX ij ; 1 6 i < j 6 ng so(n); l = span fX 0i ; i = 1; : : : ; ng n = span fX i ; i = 1; : : : ; n ? 1g R n?1 ; a = span fX 0n g R (5.4)
One can check immediately that p is isomorphic to sim(n ? 1) = so(n ? 1) R R n?1 , the Lie algebra of the similitude group SIM(n ? 1).
Then we introduce the following contraction scheme X ij 7 ! R ?1 X ij ; 1 6 i < j 6 n ? 1 R : X in 7 ! X in ; i = 1; : : : ; n ? 1 X i0 7 ! X i0 ; i = 1; : : : ; n: This contraction maps k to e(n ? 1) = R n?1 so(n ? 1), the (n ? 1)-dimensional Euclidean algebra and preserves the parabolic subalgebra p. The contracted algebra is g 2 = R n?1 so(n ? 1) R R n?1 :
Thus g 2 contains two subalgebras isomorphic to sim(n ? 1). One is p, which is the sum of the last three terms in (5.5), and the other one corresponds to the sum of the rst three terms. We choose the rst possibility. In the notation of the Appendix, this gives s = p, which is Hence the quotient G 2 =V c is isomorphic to the similitude group SIM(n?1) of R n?1 . The contraction preserves the minimal parabolic subgroup P = MAN which is isomorphic to SIM(n ? 1). The contracting maps R : G 2 ! G 1 are given in (A.4). In order to compute them explicitly, we write v 2 v c in polar coordinates v = (r; ), with 2 SO(n ? 2). We also denote by s = (m( ); t; )) the elements of P, with m( ) 2 SO(n ? 1); 2 N R n?1 . Finally, we rewrite the Euler decomposition (3.4) as = m( ) u( n?1 ) u n?2 ( ), with = ( 1 ; : : : ; n?2 ) 2 S n?2 .
With these notations, the expression (A.4) gives, in the limit r R: R ((r; ); (m( ); t; )) = m( ) u r R u n?2 ( ) a(t) n( ) (r=R 1):
This calculation shows that, in geometrical terms, the contraction amounts indeed to let the radius of the sphere go to in nity. Notice that the parameter space of the spherical CWT is X = G 1 =N ' SO(n) A, which is not a group (and this forced us to use the general formalism of Ref. 15 ). After contraction, we get G 2 =N ' SIM(n ? 1) , so that the missing group structure is restored by the contraction! B. The Euclidean limit of the spherical CWT Now we are ready to show that the CWT on the sphere S n?1 converges to the usual CWT on R n?1 in the geometrical limit of large radius. For that purpose, we have to prove that the associated series of square integrable representations of SO o (3; 1) contracts to the usual wavelet representation of SIM(n ? 1), 26, 27 and then that the admissibility condition on the sphere carries over to that in the at case. Here we use the precise de nition of contraction introduced by Dooley. 35, 36 The same result was essentially obtained earlier by Mickelsson and Niederle. 37 Let H R = L 2 (S n?1 R ; d R ) be the Hilbert space of square integrable functions on a sphere of radius R, with d R (!) = R 2 d (!) and H = L 2 (R n?1 ; d n?1 x). In view of the geometry of the problem, it is clear that the contracting map I R amounts essentially to a stereographic projection. As before, we write points on the sphere S n?1 as pairs ( n?1 ; ) and introduce polar coordinates (r; ) in R n?1 , with 2 S n?2 . Then, with a suitable convergence factor, we obtain an isometry I R : H R ! H, namely and a closer inspection shows that it is also an isometry. Thus I R is unitary.
For each R, we choose D R = D = C 0 (R n?1 ),the space of continuous functions of compact support, which is dense in H. Now let U be usual wavelet representation of SIM(n ? 1) in H and U R the representation (4.7) of SO o (n; 1) realized in H R . Next, since I ?1 R is a unitary operator, we can compute the strong limit in H R . De ne, for 2 D; C = max x2R n?1 (x). Then, using the relation (5.10), we obtain the following bound, for all 2 H, uniformly in R > 1:
where the maximum is taken over all such that (R tan 2 ; ) 2 supp . Finally Lebesgue's dominated convergence theorem gives the result.
This theorem yields the expected result that local wavelet analysis on the sphere as de ned here is equivalent to local wavelet analysis in at space. Indeed the whole structure on the sphere S n?1 R goes into the corresponding one in R n?1 as R ! 1. In particular, since U R ! U, the corresponding matrix elements also converge to one another, and therefore the square integrability condition (4.2) converges into the corresponding one for the CWT in R n?1 ,
Admissible wavelets on S n?1 converge to admissible wavelets on R n?1 . Also, because the renormalizing factor in (5.10) is exactly the one that links the two invariant measures under stereographic projection, it follows that the necessary condition (4.17) also goes into the corresponding necessary condition for wavelets in the plane, R d n?1 x (x) = 0.
VI. EXTENSION TO OTHER MANIFOLDS
Although the spheres S n?1 , and in particular S 2 , are the manifolds on which a wavelet transform is most desirable for applications, the mathematical analysis made so far invites to consider other manifolds with similar geometrical properties, and rst other Riemannian symmetric spaces of constant curvature. In order to understand better the problems involved in the extension of the preceding construction, we will look rst at the case n = 3.
A. The two-dimensional hyperbolic space Let us go back to the sphere S 2 . In this case, the stereographic projection from the South Pole to the plane tangent at the North Pole is a bijection : S 2 ! C , given by (!) = 2 tan 2 e i' ; ! ( ; '); 0 6 6 ; 0 6 ' < 2 (here S 2 is taken as the Riemann sphere and the tangent plane at the North Pole as the complex plane C ; the extra factor 2 is due to our choice of the tangent plane rather than the equatorial one 29 ). Then a dilation 7 ! a in C corresponds to the mapping 7 ! a on S 2 , where If one introduces in H + geodesic polar coordinates z = ( ; '), it turns out the curves ' = const, which are geodesics, are half-circles centered on the real axis, thus orthogonal to it. In particular, is the Poincar e distance between z and i, measured along the geodesic that links the two points.
In these coordinates, the Cayley transform reads z = ( ; ') 7 ! = tanh 2 e i' 2 D + :
In particular the point z = i 2 H + goes into = 0, and all the geodesics through i go into the diameters of D + . As for isometries, those of H + are matrices from SL(2; R), acting by homographic transformation, and they correspond to the similar action of SU(1; 1) on D + .
In the two cases, there is a simple transitive action of SL(2; R)=Z 2 , resp. SU(1; 1)=Z 2 , both isomorphic to SO o (2; 1), as expected. In D + , a dilation should be radial, and leave both = 0 and = 1 invariant, but there is no such element in SU(1; 1). As a way out, we may use as a natural notion of dilation in H + the map 7 ! a ; 0 < a < 1. In D + , the corresponding map leads to 7 ! a = tanh a 2 e i' ; which then lifts to H 2 + by inverse stereographic projection. This map has all the required properties for a dilation, but does not come directly from a linear group action. Thus it can only be used for constructing wavelets on H 2 + if one puts it by hand, in the same way as Holschneider did for S 2 . 13 An alternative way of introducing dilations via a group action is based on analytic continuation from the spherical case, that is, using the familiar Weyl trick. We start from the Lie algebra so(3; 1), with commutation relations (5.1) and Iwasawa decomposition (5.3), for n = 3.
The duality so(3) 7 ! so(2; 1) results from Weyl's unitary trick applied to the compact subalgebra k: k = m r 7 ! k = m ir; with m = span fX 12 g and r = span fX 13 ; X 23 g. De ne the new generators as X 13 = iX 13 ; X 23 = iX 23 . Then do the same for n 7 ! n = span X 1 ; X 2 ; X j = iX j . This yields the decomposition g = k a n ; (6.2) and an explicit calculation shows that g so (1; 3) , that is, the original metric (+ ? ??) associated to so(3; 1) is transformed into (? ? ?+). Then k = span X 12 ; X 13 ; X 23 so (2; 1) and we obtain the pseudo-Iwasawa decomposition We conjecture that the answer to both questions is positive, which would then yield the CWT on H 2 + . Work in this direction is in progress.
B. Higher dimensional Riemannian symmetric spaces
In higher dimensions, the situation is exactly the same:
S n?1 = SO(n)=SO(n ? 1) and H n?1 = SO o (n ? 1; 1)=SO(n ? 1) are dual Riemannian symmetric spaces, with constant curvature = 1, respectively. Again SO(n) and SO o (n; 1) are two real forms of the complexi ed group SO(n) C .
For the hyperbolic space H n?1 , the extension from n = 3 to arbitrary n > 3 proceeds exactly as for the spheres, in the way described in the previous section. For instance, stereographic projection ! 7 ! from the South Pole maps H n + onto the interior of the unit ball of the equatorial hyperplane, and the two are conformally equivalent when the latter is equipped with the Lobachewskian metric. The reason is that the additional dimensions are compacti ed, so that nothing essential changes, in particular with respect to square integrability.
The same comment applies to the construction of dilations via the Weyl trick. How can one extend this machinery to other manifolds? In the case of the sphere S n?1 , the conformal group SO o (n; 1) is larger than the motion group SO(n), and thus could be used for incorporating dilations. But the sphere is the only compact manifold with that property. Thus in general, the only way to proceed seems to embed the motion group G of the manifold into the complexi ed group G C in order to de ne dilations. This has been done for S 2 , in fact, since SO(3) C SL(2; C ), that is, the Lorentz group serves both as the conformal group of S 2 and as complexi cation of its motion group. This remark may open the way to future extension of wavelets to higher dimensional manifolds.
In particular, it could be interesting to consider the case of nontrivial phase spaces. Indeed, the sphere S 2 is the phase space of a rotator, and serves as parameter space for coherent states on SO(3). Other systems exist with`exotic' phase spaces, such as a torus SO(2) SO(2) and similar manifolds. 39 
VII. CONCLUSION
The construction presented here ful lls all the requirements stated in the introduction for a continuous wavelet transform on the sphere. It is entirely derived from group theory, following the formalism of general coherent states developed in Ref. 15 .In addition, the Euclidean limit is valid, with a precise group-theoretical formulation. Thus the formula (4.16) yield a genuine CWT on the sphere, which has none of the defects of the other versions mentioned in the introduction. Preliminary tests in the case n = 3 are encouraging, although there remain computational problems, because the formula (4.16) requires a pointwise convolution on the sphere, which is very time-consuming. The construction extends to higher dimensional spheres in a straightforward way, with the same advantages and the same limitations. As for other manifolds, typically Riemannian symmetric spaces of noncompact type, the geometrical picture is similar, but it is not obvious how to de ne appropriate dilations by a pure group action, through the embedding of the motion group into a larger group, such as the conformal group of the manifold, if it is larger, or the complexi ed group.
APPENDIX: CONTRACTIONS OF LIE GROUPS AND LIE ALGEBRAS

A.1. Contraction of Lie algebras and Lie groups
We begin by recalling some basic facts concerning the process of contraction, both for Lie algebras and Lie groups. The limit (A.1) de nes a new Lie algebra structure on V , which is not isomorphic to the original one. In the case of a In on u-Wigner contraction 16 , a particular subalgebra of g 1 is conserved throughout the process. More precisely, suppose there exists a subalgebra s in g 1 . lim R!1 kI R U R ( R g) I ?1 R ? U(g) k H = 0 :
